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Abstract
In this paper, we present the guiding-center transformation of the radiation-reaction force of
a classical point charge traveling in a nonuniform magnetic field. The transformation is valid as
long as the gyroradius of the charged particles is much smaller than the magnetic field nonunifor-
mity length scale, so that the guiding-center Lie-transform method is applicable. Elimination of
the gyromotion time scale from the radiation-reaction force is obtained with the Poisson bracket
formalism originally introduced by [A. J. Brizard, Phys. Plasmas 11 4429 (2004)], where it was
used to eliminate the fast gyromotion from the Fokker-Planck collision operator. The formalism
presented here is applicable to the motion of charged particles in planetary magnetic fields as well
as in magnetic confinement fusion plasmas, where the corresponding so-called synchrotron radia-
tion can be detected. Applications of the guiding-center radiation-reaction force include tracing of
charged particle orbits in complex magnetic fields as well as kinetic description of plasma when the
loss of energy and momentum due to radiation plays an important role, e.g., for runaway electron
dynamics in tokamaks.
∗ eero.hirvijoki@chalmers.se
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I. INTRODUCTION
An accelerated charged particle emits electromagnetic radiation and loses energy and
momentum in reaction, in accordance with the radiation-reaction force (RR-force) [1–5]. In
a magnetized plasma, the radiation resulting from the gyration around the field lines is often
referred to as the synchrotron emission. The RR-force increases with the particle energy
and the accelerating force, which itself depends on the velocity in the case of the Lorentz
force. The effect of the radiation on the particle motion can be significant for very energetic
particles. In particular, it contributes to limit the energy reached by runaway electrons in
tokamak plasmas [6], and explains the observation of an elevated critical electric field for
runaway-electron generation [7].
One of the consequences of magnetic field nonuniformity in axisymmetric configurations
such as dipole or tokamak fields is the superposition of three periodic motions in the particle
trajectories, namely the gyromotion, bounce or transit motion, and drift precession. The
acceleration associated with each periodic motion would in turn contribute to the radiation
losses. Another consequence of the magnetic nonuniformity is that the radiation RR-force
could induce transport of particles across the magnetic flux-surfaces. As the RR-force in-
creases with increasing particle energy while the collisional force decreases with velocity,
radial transport associated with the RR-force could overcome collisional transport at high
relativistic energies.
In the presence of a weak magnetic nonuniformity such that the gyroradius of the charged
particle is much smaller than the magnetic field nonuniformity length scale, the magnetic
moment, µ, is an adiabatic invariant of the Hamiltonian particle motion. In this case, it is
often useful to separate the gyromotion from the rest of the particle motion, and study longer
time scales. Making use of the adiabatic invariance, Lie-transform perturbation methods
can be used to eliminate the fast gyromotion and to derive the underlying guiding-center
dynamics. Cumulative effects of the gyromotion in a nonuniform magnetic field, such as
the mirror force and magnetic drifts, are entirely retained in the guiding-center dynamics,
which is typically much easier to compute than the full particle dynamics. This approach
is one of the classical results in modern plasma physics [8] and has been summarized in a
review paper [9].
Previous attempts to include the effect of magnetic field nonuniformity in the RR-force
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were made without going through a proper guiding-center transformation. In a first paper
(Ref. [10]), a contribution from the magnetic field-line curvature was argued in addition to
the uniform-field formulation. This corrective term, which is of second order in magnetic-
field nonuniformity, is interesting since it does not vanish for µ → 0. Their approach,
however, neglects a number of terms that are of first order in magnetic-field nonuniformity.
Furthermore, some of the first order terms and all second order terms in the Hamiltonian mo-
tion are neglected which leads to inconsistent treatment of the dissipative and Hamiltonian
guiding-center dynamics. One can understand how keeping only the leading-order terms is
necessary for conducting analytical studies of complex phemomena, as done in Ref. [10], but
in particle following applications where the trajectory is calculated numerically one should
be as consistent as possible to prevent, e.g., numerical drift of the energy due to improper
equations. In Refs. [11, 12], a rather different approach is adopted by treating the RR-
force as an ”effective electric field” which is then added into guiding-center Lagrangian as
a time depending perturbation in the vector potential. This is not correct: the RR-force is
of dissipative nature and no practical Lagrangian formulation exists within the framework
of classical electrodynamics (here we do not discuss the quantum mechanical treatments).
Moreover, the ”effective field” in Refs. [11, 12] is given only for a simple toroidal geome-
try and if one calculates the corresponding equations of motion using the Euler-Lagrange
equation, the result does not give the ”effective electric field” that they start with.
As the radiatiative momentum losses, however, are important for the dynamics of rel-
ativistic charged particles, we see that a guiding-center describtion that is consistent with
the Hamiltonian formalism is necessary. In the present paper, we derive the guiding-center
RR-force in a weakly nonuniform magnetic field using Lie-transform perturbation methods.
In Sec. II, we first introduce the particle phase-space RR-force and give its expression in
a nonuniform magnetic field. A general method for including non-Hamiltonian forces into
guiding-center formalism is described in Sec. III. The guiding-center transformation is car-
ried out explicitly in Sec. IV, where corrections to the guiding-center equations of motion
arising from the radiation losses are derived consistently with the first order guiding-center
theory. Applications of the guiding-center RR-force are discussed in the conclusion.
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II. RADIATION-REACTION FORCE IN A NONUNIFORM MAGNETIC FIELD
The radiation-reaction force was first described for a classical non-relativistic point charge
by Lorentz [1]. Later, Abraham [2] and Dirac [3] generalized it to relativistic energies
obtaining the Lorentz–Abraham–Dirac (LAD) force [4]
K =
e2γ2
6πε0c3
[
v¨ +
3γ2
c2
(v · v˙) v˙ +
γ2
c2
(
v · v¨ +
3γ2
c2
(v · v˙)2
)
v
]
, (1)
where e is the particle charge, γ = 1/
√
1− v2/c2 =
√
1 + p2/(mc)2 is the relativistic factor
and p = γmv is the particle momentum. The LAD-force, however, contains third order
time derivatives with respect to particle position and cannot be uniquely solved given initial
values for the particle position and velocity, therefore violating causality. Another well-
known problem with the LAD-force is that in the absence of external forces it allows the
existence of so-called runaway solutions (see, e.g., Ref. [13]) that lead to exponential growth
of the particle velocity. These issues have generated discussion regarding what expression
to use for the RR-force (see, e.g., the excellent text in Ref. [14]). Landau and Lifshitz [5],
for example, suggest a perturbative approach where the velocity derivatives in Eq. (1) are
expressed in terms of the external force. Ford and O’Connel [15] say that this approach is
in fact the correct one. In the paper by Spohn [16], it is shown that LAD-force should be
limited on a so-called critical surface to avoid unphysical solutions, and that this actually
corresponds to the perturbative approach. In this paper, we have chosen to use the Landau-
Lifshitz formula, as it does not suffer from the unphysical behaviour associated with the
LAD-force.
In magnetized plasmas, the particle motion is typically dominated by the magnetic force
Fm = ev×B. If we neglect the electric field, and replace the velocity derivatives in Eq. (1)
with the Lorentz force, the expression for the RR-force simplifies to [5]
K = − νr
(
p⊥ +
p2⊥
(mc)2
p
)
− ǫ νrΩ
−1B−1B˙× p, (2)
where the Larmor frequency is Ω = eB/(γm). The perpendicular momentum in Eq. (2) is
p⊥ = (I − b̂b̂) · p, with the magnetic field unit vector being b̂ = B/B. The characteristic
time for RR-force is
ν−1r =
6πε0γ(mc)
3
e4B2
=
3c
2γreΩ2
, (3)
4
where re = e
2/(4πε0mc
2) is the classical electron radius. With this notation νr/Ω =
(2reγΩ)/(3c), which is typically much smaller than one (for electrons νr/Ω ∼ 10
−12B/[T ]).
It is thus obvious that the magnetic force |Fm| ∼ Ωp dominates the RR-force |K| ∼ νrp,
and that the RR-force therefore acts a dissipation to the Hamiltonian motion in the external
magnetic field.
In equation (2), we have also introduced the dimensionless parameter ǫ as the dimen-
sionless guiding-center ordering parameter (renormalized charge e → ǫ−1e) which will be
used throughout the guiding-center transformation. Physical results are obtained by set-
ting ǫ = 1.
III. DISSIPATIVE FORCES IN GUIDING-CENTER FORMALISM
To transform general dissipative forces into guiding-center formalism, we cannot apply the
Lie-transformation exactly as it is done for deriving the Hamiltonian guiding-center equa-
tions of motion: General dissipative forces do not necessarily have a phase-space Lagrangian
formulation. Instead, we proceed via detour. Transforming the particle phase-space conti-
nuity equation we will identify the components of the guiding-center force for any desired
combination of phase space coordinates and simultaneously guarantee the density conser-
vation. This approach can be further used to include the RR-force into the guiding-center
kinetic equation.
Starting from the particle phase-space continuity equation
∂f
∂t
+
∂
∂z
·
(
z˙f
)
+
∂
∂p
·
(
Kf
)
= 0, (4)
where z = (x,p) are the phase-space coordinates and K now denotes a general dissipative
force, we first express the continuity equation in terms of the charged particle Hamiltonian
H = γmc2, (5)
and the non-canonical charged particle Poisson bracket
{f, g} =
∂f
∂x
·
∂g
∂p
−
∂f
∂p
·
∂g
∂x
+ eB ·
∂f
∂p
×
∂g
∂p
, (6)
to obtain the Poisson-bracket formulation of the particle phase-space continuity equation
∂f
∂t
+ {f,H}+ {xi, Ki f} = 0. (7)
Here xi is the Cartesian component of the position x, and summation over repeated indices
is assumed. We have also made use of the identity
z˙α ≡ {zα, H}, (8)
that describes the Hamiltonian contribution to the equations of motion, and of the properties
of the Poisson bracket
{f, g} ≡
∂f
∂zα
{zα, zβ}
∂g
∂zβ
≡
1
J
∂
∂zα
(
J {f, zα} g
)
, (9)
where J is the phase-space Jacobian satisfying dz = J d6z.
The guiding-center transformation of the particle phase-space continuity equation is then
given by applying the guiding-center push-forward T −1gc according to
T −1gc
(
∂f
∂t
+ {f,H}+ {xi, Ki f}
)
= 0
⇒
∂F
∂t
+ {F,Hgc}gc +
{
T −1gc x
i, (T −1gc Ki)F
}
gc
= 0, (10)
where F ≡ T −1gc f and { · , · }gc ≡ T
−1
gc {Tgc ·, Tgc ·} are now the guiding-center distribution
function and Poisson-bracket, respectively. For an explanation of the transformation rules,
we encourage the reader to Ref. [17]. Expressing the guiding-center Poisson bracket in a
divergence form we obtain
∂F
∂t
+
1
Jgc
∂
∂Zα
[
Jgc
(
Z˙α +
{
T −1gc x
i, Zα
}
gc
(T −1gc Ki)
)
F
]
= 0, (11)
where Zα are the guiding-center phase-space coordinates and Jgc is the guiding-center phase-
space Jacobian, dZ = Jgcd
6Z.
If the characteristic time-scale, ν−1k , of the dissipative force, |K| ∼ νkp, is much longer
than the time-scale related to the gyromotion, i.e., νk/Ω ≪ 1, a closure scheme to obtain
an equation for a gyroaveraged distribution function, 〈F 〉, proceeds in a similar manner as
was presented for the collision operator in Ref. [17]. To lowest order in ǫν = νk/Ω, the
gyro-averaged guiding-center continuity equation thus becomes
∂ 〈F 〉
∂t
+
1
Jgc
∂
∂Zα
[
Jgc
(
Z˙α +
〈{
T −1gc x
i, Zα
}
gc
(T −1gc Ki)
〉)
〈F 〉
]
= 0, (12)
where we have used the fact that the Hamiltonian guiding-center equations of motion Z˙α
are, by construction, independent of the gyro-angle.
6
From the gyro-averaged guiding-center continuity equation, we finally obtain an expres-
sion for a dissipative gyro-averaged guiding-center force
Kαgc =
〈
{T −1gc x
i, Zα}gc(T
−1
gc Ki)
〉
≡
〈
∆iα · T −1gc Ki
〉
, (13)
where 〈 . . . 〉 = 1/(2π)
∫ 2π
0
dθ . . . is the gyro-angle average, and
∆α ≡ êi∆
iα ≡ êi{T
−1
gc x
i, Zα}gc, (14)
is the so-called guiding-center projection coefficient.
IV. FIRST ORDER TRANSFORMATION IN (X, p‖, µ) PHASE-SPACE
As the time scale related to the radiation reaction satisfies the condition νr/Ω ≪ 1, we
can calculate the guiding-center transformation of the RR-force according to the method de-
scribed in Sec. III. In order to proceed, explicit expressions for the projection coefficients ∆iα
are derived in Appendix A.
Considering the phase-space (X, p‖, µ), often used in particle tracing, we obtain
∆ij = − ǫ
b̂
eB⋆‖
×
(
ê
i +∇⋆ρiǫ
)
· êj −
B⋆j
B⋆‖
∂ρiǫ
∂p‖
, (15)
∆ip‖ =
B⋆
B⋆‖
·
(
ê
i +∇⋆ρiǫ
)
, (16)
∆iµ = ǫ−1
e
m
∂ρiǫ
∂θ
, (17)
where ǫ is the dimensionless guiding-center ordering parameter and the transformed gyro-
radius vector is defined as
ρǫ ≡ T
−1
gc x−X ≡ ǫρ0 + ǫ
2
ρ1 + . . . , (18)
with the sub-indices referring to the order with respect to magnetic field nonuniformity.
Thus, keeping the gyroradius up to the term ρ1 gives projection coefficients that are valid
up to first order in the magnetic field nonuniformity.
The expressions for the so-called symplectic or effective magnetic field B⋆ and the modi-
fied gradient operator ∇⋆ as well as for the zeroth and first order gyroradius vectors, ρ0 and
ρ1, are given in the Appendix A.
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Similarly as for ρǫ, we have for the push-forward of the particle phase-space RR-force
T −1gc K ≡ Kǫ = K0 + ǫK1 + . . . , (19)
where the sub-indices again refer to the order with respect to the magnetic field nonuni-
formity. Explicit expression for Kǫ is given in Appendix B. Using the expressions for the
projection coefficients we then find the components for the guiding-center radiation reaction
force
KX = − ǫ
b̂
eB⋆‖
× 〈Kǫ +∇
⋆
ρǫ ·Kǫ〉 −
B⋆
B⋆‖
〈
∂ρǫ
∂p‖
·Kǫ
〉
, (20)
Kp‖ =
B⋆
B⋆‖
· 〈Kǫ +∇
⋆
ρǫ ·Kǫ〉 , (21)
Kµ = ǫ−1
e
m
〈
∂ρǫ
∂θ
·Kǫ
〉
. (22)
More explicitly, the expressions valid up to first order in magnetic field nonuniformity are
KX = − ǫ
b̂
eB⋆‖
× 〈K0 + ǫK1 + ǫ∇
⋆
ρ0 ·K0〉 − ǫ
2b̂
〈
∂ρ1
∂p‖
·K0
〉
, (23)
Kp‖ =
B⋆
B⋆‖
·
〈
K0
〉
+ ǫb̂ · 〈K1 +∇
⋆
ρ0 ·K0〉 , (24)
Kµ =
e
m
〈
∂ρ0
∂θ
·
(
K0 + ǫK1
)〉
+ ǫ
e
m
〈
∂ρ1
∂θ
·K0
〉
, (25)
where we have noted that ρ0 is independent of p‖ and that ∇
⋆
ρ1 is of second order in
magnetic field nonuniformity.
Gyro-averages of the expressions in Eq. 23-25 are carried out in Appendix C. The result-
ing components of the guiding-center RR-force, acting as dissipative terms in the equations
of motion for the corresponding coordinate, are, for the guiding-center position:
KX = −ǫB
νr
Ω⋆‖
2µB
mc2
(
b̂× X˙+ 3v‖ ̺‖ κ
)
, (26)
for the parallel momentum:
Kp‖ = − νr p‖
µB
mc2
(
2 + ǫB̺‖τB
)
− ǫB νr
p⊥γ
2
2
̺⊥τB, (27)
and for the magnetic moment:
Kµ = − νr µ
(
1 +
2µB
mc2
)(
2 + ǫB̺‖τB
)
, (28)
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where the parameter ǫB is introduced to explicitly point out the contribution from mag-
netic field nonuniformity. The parallel and perpendicular gyroradius and the modified gyro-
frequency are defined as
̺‖ =
p‖
eB
, ̺⊥ =
p⊥
eB
, Ω⋆‖ = Ω(1 + ǫB̺‖τB). (29)
The first order corrections in Eqs. (27) and (28) relate to the magnetic field-line twist
parameter, τB = b̂ · ∇× b̂, which also appears in Hamiltonian guiding-center motion as the
phase-space Jacobian is Jgc ≡ B
⋆
‖ ≡ B (1 + ǫB̺‖τB).
While the phase-space (X, p‖, µ) was used to carry out the explicit guiding-center transfor-
mation, properties of the Poisson-bracket (6) provide general rules for transforming between
different phase-spaces according to
Kαgc = K
X · ∇α+Kp‖
∂α
∂p‖
+Kµ
∂α
∂µ
, (30)
V. CONCLUSIONS
For the first time, a consistent guiding-center transformation of the radiation-reaction
force for a particle traveling in an external magnetic field is presented up to the first order in
the magnetic-field nonuniformity. As a result, we observe corrections that are proportional
to the magnetic field-line twist, which itself plays an important role in the Hamiltonian
equations of motion. As the magnetic moment is an exact invariant of Hamiltonian guiding-
center motion, the first order correction especially to the dissipative evolution of the magnetic
moment could be important: numerical simulations of tokamak first wall power loads from
fast particles are very sensitive to the details of the magnetic field nonuniformities and
to the guiding-center phase-space trajectories. Due to the presence of the three periodic
motions (gyro, bounce, and precession), small deviations in the guiding-center trajectory
may cumulate and change the wall power loads. As magnetic perturbations are considered
as an option to mitigate the formation of dangerously large runaway electron beams in
tokamaks, equations to model the dissipative guiding-center motion must be accurate and
consistent with the rest of the tools.
The equations derived in this paper are applicable also to particle dynamics in astro-
physical plasmas as well as to any magnetically confined laboratory plasmas as long as the
guiding-center formalism itself is valid. The paper also provides a method for transforming
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general dissipative forces to guiding-center phase-space. The procedure is valid as long as
the relative momentum loss over a gyroperiod is sufficiently small.
Carrying the transformation up to second order in magnetic field non-uniformity would
provide an additional term in Kp‖ that does not vanish for µ → 0. This component would
further contribute to the guiding-center motion along field-lines in a curved magnetic field,
and would dominate in the limit µ → 0. The corresponding second order guiding-center
transformation of the radiation reaction force will be presented in a future contribution.
As the momentum loss due to the RR-force is also typically small over a particle bounce
or transit time, performing an orbit averaging operation for axisymmetric configurations as
prescribed in Ref. [18] would yield a reduced orbit-averaged guiding-center RR-force oper-
ator in a three-dimensional phase-space. Radial transport coefficents including neoclassical
effects could then be explicitly derived. Such operator could then be readily implemented
in a 3-D orbit-averaged guiding-center kinetic code [19].
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Appendix A: Relativistic guiding-center transformation
The relativistic guiding-center Lagrangian one-form for the guiding-center phase-space
coordinates Zα = (X, p‖, µ, θ) is
Γgc ≡ ΓαdZ
α −Hgcdt =
(
ǫ−1eA+ p‖b̂
)
· dX+ ǫ
mµ
e
(dθ −R⋆ · dX)− γmc2dt, (A1)
where γ =
√
1 + p2‖/(mc)
2 + 2µB/(mc2) and ǫ is the guiding-center ordering parameter, the
modified gyrogauge field is R⋆ = R + (τB/2)b̂ with R = ∇⊥̂ · ρ̂ ≡ ∇1̂ · 2̂ the Littlejohn’s
gyrogauge vector, and τB = b̂ · ∇× b̂ the magnetic field line torsion. The two right-handed
orthogonal unit vector sets, (b̂(X), ⊥̂(X, θ), ρ̂(X, θ)) and (b̂(X), 1̂(X), 2̂(X)) are
ρ̂ = cos θ 1̂− sin θ 2̂, (A2)
⊥̂ = − sin θ 1̂− cos θ 2̂. (A3)
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The guiding-center Poisson bracket calculated from the guiding-center one-form ΓαdZ
α is
{F,G}gc = ǫ
−1 e
m
(
∂F
∂θ
∂G
∂µ
−
∂F
∂µ
∂G
∂θ
)
+
B⋆
B⋆‖
·
(
∇⋆F
∂G
∂p‖
−
∂F
∂p‖
∇⋆G
)
− ǫ
b̂
eB⋆‖
· ∇⋆F ×∇⋆G, (A4)
where the modified gradient operator is ∇⋆ = ∇ + R⋆∂/∂θ, the phase-space Jacobian is
Jgc = B
⋆ · b̂ ≡ B⋆‖ , and the effective magnetic field is
B⋆ = ∇×
(
A+ ǫ
p‖
e
b̂
)
+O(ǫ2) = B+ ǫ
p‖
e
∇× b̂+O(ǫ2). (A5)
We will also find useful the expression
B⋆
B⋆‖
≡ b̂+ ǫ
p‖
eB⋆‖
b̂× κ+O(ǫ2). (A6)
The generating functions Gαn that define the coordinate transformations between between
the guiding-center coordinates Zα and particle coordinates zα according to
Zα = zα + ǫGα1 + ǫ
2
(
Gα2 +
1
2
Gβ1
∂Gα1
∂zβ
)
+O(ǫ2), (A7)
zα = Zα − ǫGα1 − ǫ
2
(
Gα2 −
1
2
Gβ1
∂Gα1
∂Zβ
)
+O(ǫ2), (A8)
have the first order components for the spatial position and parallel momentum
GX1 = − ρ0 ≡ −
√
2mµ
e2B
ρ̂, (A9)
G
p‖
1 = − p‖ ρ0 · κ+
mµ
e
(
τB + a1 : ∇b̂
)
, (A10)
as well as the components for the magnetic moment and gyroangle
Gµ1 = ρ0 ·
(
µ∇ lnB +
p2‖
mB
κ
)
−
µ p‖
eB
(
τB + a1 : ∇b̂
)
, (A11)
Gθ1 = − ρ0 ·R+
p‖
eB
(
a2 : ∇b̂
)
+
∂ρ0
∂θ
·
(
∇ lnB +
p2‖
2mµB
κ
)
, (A12)
where the magnetic field curvature vector is κ = b̂ ·∇b̂. We also need the spatial component
of the second order generating function
GX2 =
[
2p‖
eB
(
∂ρ0
∂θ
· κ
)
+
mµ
e2B
(
a2 : ∇b̂
)]
b̂+
p‖
eB
τB ρ0
+
1
2
(Gµ1 − µρ0 · ∇ lnB)
∂ρ0
∂µ
+
1
2
(
Gθ1 + ρ0 ·R
) ∂ρ0
∂θ
. (A13)
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The dyads a1 and a2 are
a1 ≡ −
1
2
(
ρ̂⊥̂+ ⊥̂ρ̂
)
=
∂a2
∂θ
, (A14)
a2 ≡
1
4
(
⊥̂⊥̂− ρ̂ρ̂
)
= −
1
4
∂a1
∂θ
. (A15)
With the guiding-center Poisson bracket and Hamiltonian given, obtaining the Hamilto-
nian equations of motion for each phase-space coordinate is then straightforward. For the
phase-space Zα = (X, p‖, µ, θ) we find
X˙ = {X, Hgc} =
p‖
γm
B⋆
B⋆‖
+ ǫ
b̂
eB⋆‖
×
µ
γ
∇B (A16)
p˙‖ = {p‖, Hgc} = −
B⋆
B⋆‖
·
µ
γ
∇B, (A17)
µ˙ = {µ,Hgc} = ǫ
−1 e
m
∂Hgc
∂θ
≡ 0, (A18)
θ˙ = ǫ−1
eB
γm
+ X˙ ·R⋆ ≡ ǫ−1Ω + X˙ ·R⋆. (A19)
While calculating the gyro-averages, one needs the expression
∇⋆ρ0 = −
1
2
∇ lnB ρ0 +
1
2
τBb̂
∂ρ0
∂θ
−
(
∇b̂ · ρ0
)
b̂ (A20)
where ∇× b̂ = τBb̂+ b̂× κ, and also
b̂ · ∇⋆ρ0 =
τB
2
∂ρ0
∂θ
− µ∇‖ lnB
∂ρ0
∂µ
− (ρ0 · κ) b̂. (A21)
Appendix B: Push-forward of the radiation reaction force
Noting that T −1gc γ ≡ γ, the push-forwards of particle momentum and magnetic field time
derivative become
T −1gc p ≡ T
−1
gc (γmv) = γm
(
T −1gc
d
dt
Tgc
)(
T −1gc x
)
, (B1)
T −1gc B˙ ≡
(
T −1gc
d
dt
Tgc
)(
T −1gc B
)
. (B2)
The guiding-center time derivative operator is(
T −1gc
d
dt
Tgc
)
≡
∂
∂t
+ X˙ · ∇+ p˙‖
∂
∂p‖
+ θ˙
∂
∂θ
≡
∂
∂t
+ X˙ · ∇⋆ + p˙‖
∂
∂p‖
+ ǫ−1Ω
∂
∂θ
, (B3)
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and because it involves a term of order ǫ−1, the push-forward of particle position
T −1gc x ≡ X− ǫG
X
1 − ǫ
2
(
GX2 −
1
2
Gβ1
∂GX1
∂Zβ
)
+O(ǫ3) ≡ X+ ǫρ0 + ǫ
2
ρ1 +O(ǫ
3), (B4)
and the push-forward of the magnetic field
T −1gc B ≡ B− ǫG
X
1 · ∇B− ǫ
2
[
GX2 · ∇B−
1
2
Gβ1
∂
∂Zβ
(
GX1 · ∇B
)]
+O(ǫ3), (B5)
have to be evaluated up to second order in ǫ2. The explicit expression for the first order
Larmor radius vector is
ρ1 = −
[
2
p‖
eB
(
κ ·
∂ρ0
∂θ
)
−
mµ
e2B
(
a2 : ∇b̂−
1
2
∇ · b̂
)]
b̂
−
[
1
2
p‖
eB
(
τB − a1 : ∇b̂
)
+
∂ρ0
∂µ
·
(
µ∇ lnB +
p2‖
mB
κ
)]
ρ0
−
[
p‖
eB
(
a2 : ∇b̂
)
+
∂ρ0
∂θ
·
(
∇ lnB +
p2‖
2mµB
κ
)]
∂ρ0
∂θ
. (B6)
Now, up to first order in ǫ, we find the push-forward of the particle momentum
T −1gc p = γmX˙+ eB
∂ρ0
∂θ
+ ǫ
(
p‖b̂ · ∇
⋆
ρ0 + eB
∂ρ1
∂θ
)
+O(ǫ2) ≡ p0 + ǫp1 +O(ǫ
2), (B7)
where the zeroth and first components are given by
p0 = p‖b̂+ eB
∂ρ0
∂θ
, (B8)
p1 =
b̂
eB⋆‖
×
(
mµ∇B + p2‖κ
)
+ p‖b̂ · ∇
⋆
ρ0 + eB
∂ρ1
∂θ
. (B9)
One also needs the push-forward of the radiation reaction time-scale
T −1gc ν
−1
r = ν
−1
r
(
1 + 2 ǫρ0 · ∇ lnB
)
+O(ǫ2), (B10)
the push-forward of the perpendicular momentum
T −1gc p⊥ = eB
∂ρ0
∂θ
+ ǫ
(
p1 +G
p‖
1 b̂− p‖ρ0 · ∇b̂
)
+O(ǫ2) (B11)
T −1gc p
2
⊥ = 2mµB
(
1 + ǫρ0 · ∇ lnB − ǫ
Gµ1
µ
)
+O(ǫ2), (B12)
and the push-forward of the magnetic field time-derivative
T −1gc B˙ =
p‖
γm
b̂ · ∇B+ Ω
∂ρ0
∂θ
· ∇B+ ǫ
p‖
γm
b̂ · ∇⋆ (ρ0 · ∇B)
− ǫΩ
[
∂GX2
∂θ
· ∇B+
1
2
∂
∂θ
(
Gβ1
∂
∂Zβ
(ρ0 · ∇B)
)]
+ ǫ
[
b̂
eB⋆‖
×
(
µ
γ
∇B +
p2‖
γm
κ
)]
· ∇B+O(ǫ2). (B13)
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We also note that T −1gc (ν
−1
r Ω
−1B−1) ≡ ν−1r Ω
−1B−1.
Combining the above expressions, we calculate the push-forward of the particle radiation
reaction force
T −1gc K = −
(
T −1gc ν
−1
r
) [(
T −1gc p⊥
)
+
(
T −1gc p
2
⊥
)
(mc)2
(
T −1gc p
)]
− ǫν−1r Ω
−1B−1
(
T −1gc B˙
)
×
(
T −1gc p
)
. (B14)
Expressed as T −1gc K = K0 + ǫK1 +O(ǫ
2), the zeroth order term is given by
K0 = − ν
−1
r
(
eB
∂ρ0
∂θ
+
2µB
mc2
p0
)
, (B15)
and for the first order term we have
K1 = 2 (ρ0 · ∇ lnB)K0 − ν
−1
r Ω
−1B−1
(
p0
γm
· ∇B
)
× p0
− ν−1r
[(
1 +
2µB
mc2
)
p1 +G
p‖
1 b̂− p‖ρ0 · ∇b̂+
2µB
mc2
(
ρ0 · ∇ lnB −
Gµ1
µ
)
p0
]
.
(B16)
Appendix C: Gyro-averages of the guiding-center radiation reaction force
With the push-forward of the particle phase-space RR-force given in Appendix B, we can
evaluate the necessary gyro-averages with the help of a useful identity
∇b̂ :
〈
⊥̂ρ̂
〉
=−∇b̂ :
〈
ρ̂⊥̂
〉
=
τB
2
. (C1)
This helps us evaluate the gyro-averages of the push-forwarded RR-force:
〈K0〉 = −ν
−1
r p‖
2µB
mc2
b̂, (C2)
〈K1〉 = ν
−1
r
2µB
mc2
b̂
eB⋆‖
×
(
mµ∇B + p2‖κ
)
− 3ν−1r
2µB
mc2
p‖b̂× (̺‖κ)− ν
−1
r
2µB
mc2
p‖̺‖τBb̂,
(C3)
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as well as the rest of the gyro-averages that are needed in the expressions for KX, Kp‖ , and
Kµ
〈∇⋆ρ0 ·K0〉 = −ν
−1
r τB
mµ
e
(
1 +
2µB
mc2
)
b̂, (C4)〈
∂ρ1
∂p‖
·K0
〉
= 0, (C5)〈
∂ρ0
∂θ
·K0
〉
= −2ν−1r
mµ
e
(
1 +
2µB
mc2
)
, (C6)〈
∂ρ0
∂θ
·K1
〉
= −2ν−1r
mµ
e
(
1 +
2µB
mc2
)
̺‖τB , (C7)〈
∂ρ1
∂θ
·K0
〉
= ν−1r
mµ
e
(
1 +
2µB
mc2
)
̺‖τB. (C8)
Now, the spatial component of the guiding-center radiation reaction force becomes
KX = − ǫ
b̂
eB⋆‖
× 〈K0 + ǫK1 + ǫ∇
⋆
ρ0 ·K0〉 − ǫ
2b̂
〈
∂ρ1
∂p‖
·K0
〉
,
= − ǫ2
ν−1r
Ω⋆‖
2µB
mc2
(
b̂× X˙+ 3v‖ ̺‖ κ
)
, (C9)
where we have introduced the modified gyro frequency
Ω⋆‖ = (eB
⋆
‖)/(γm) = Ω (1 + ǫ̺‖τB). (C10)
For the parallel momentum component we find
Kp‖ =
B⋆
B⋆‖
·
〈
K0
〉
+ ǫb̂ · 〈K1 +∇
⋆
ρ0 ·K0〉 ,
= − ν−1r p‖
µB
mc2
(
2 + ǫ̺‖τB
)
− ǫν−1r
p⊥γ
2
2
̺⊥τB, (C11)
and for the magnetic moment µ the force becomes
Kµ =
e
m
〈
∂ρ0
∂θ
·
(
K0 + ǫK1
)〉
+ ǫ
e
m
〈
∂ρ1
∂θ
·K0
〉
,
= − ν−1r µ
(
1 +
2µB
mc2
)(
2 + ǫ̺‖τB
)
. (C12)
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